Abstract. The computation of the integral closure of an affine ring has been the focus of several modern algorithms. We will treat here one related problem: the number of generators the integral closure of an affine ring may require. This number, and the degrees of the generators in the graded case, are major measures of cost of the computation. We prove several polynomial type bounds for various kinds of algebras, and establish in characteristic zero an exponential type bound for homogeneous algebras with a small singular locus.
Introduction
Let k be a field and let A be a reduced ring which is a finitely generated kalgebra. The integral closure A is also an affine algebra over k,
The least n, among all such presentations of A, is the embedding dimension of A, embdim(A). We focus on the number of indeterminates needed to present A. If A is N-graded, A is similarly graded and there will be presentations where the y i are homogeneous elements. We will denote by embdeg(A) the smallest value of max{deg(y i )} achieved among all presentations; we call that integer the embedding degree of A.
These numbers are major measures for the complexity of computing A. Our aim here is to give estimates for the embedding dimension of A, and in the graded case for the embedding degree, under some restrictions. Whenever possible we will seek to control the embedding dimension of all intermediate rings which occur in the construction of A. A major concern is to make use of known properties of A, such as information about its singular locus, or expected geometric properties of A, in particular regarding its depth.
We introduce here a geometric approach to this problem. A direct approach would be to attempt to bound degree data on the presentation ideal J in terms of n and I. We will follow a different path, as we will assume that we possess information about A with a geometric content, such as the dimension of A and its multiplicity, and in certain cases some fine data on its singular locus. Our results will then be expressed by bounding either embdim(A) or embdeg(A) in terms of these data.
In order to explain our results, let us bring out the invariants of an affine ring A which are likely to occur in any estimate for embdim(A) and embdeg(A). We shall assume that A is reduced and equidimensional of dimension d. One source of difficulty lies in the fact that the ring B = A may also be the integral closure of other rings. This fuzziness is at the same time a path to dealing with this problem in some cases of interest. After a possible change of variables, the subring generated by the images of the first d variables x i is a Noether normalization of A,
We define the multiplicity deg(A) of A to be the least rank of A as a T -module for all possible Noether normalizations; this number is equal to the ordinary multiplicity deg(A) when A is a standard graded k-algebra and k is infinite. If k is infinite and perfect, there exists an element u ∈ A so that deg(A) = deg(T
[u]). Notice that T [u] = T [t]/(f ) for some monic polynomial f in T [t] with deg f = deg(A). Hence S = T [t]/(f ) is a subring of
A such that B is also the integral closure of S. This shows that the only general numerical invariants we can really use for A are the dimension and the multiplicity of A, and to a lesser extent the Jacobian ideal of S.
There are many instances when an estimate for embdim(A) is easy to obtain, for example the case where A is Cohen-Macaulay. The ring A is then a free module over T , of rank deg(A) having T as a summand. Therefore embdim(A) ≤ dim A + deg(A) − 1. For example, if dim A ≤ 2, this will always hold. Another instance are the rings A generated by monomials; by the well-known theorem of Hochster ( [13] ), A will be Cohen-Macaulay.
Our overall aim is to derive elementary functions β(d, e) and δ(d, e), polynomial in e for fixed d, such that for any standard graded equidimensional reduced algebra A of dimension d = dim A and multiplicity e = deg(A),
embdim(A) ≤ β(dim A, deg(A)), embdeg(A) ≤ δ(dim A, deg(A)).
The existence of non-elementary bounds, albeit not in any explicit form and therefore without the link to complexity, has been established in [7, 3.1] in a model theoretic formulation grounded on the explicit construction of integral closures of [22] and [25] . Our own estimates, tracking the constructions of A using the Jacobian methods of either [15] or [26] , yield Gröbner bases bounds of very high order indeed: β(d, e) comes in as a very "tall" function, with the number of levels of exponentiation quadratic in e. The bounds given here, beyond their effective character, seek to derive formulas for β(d, e) and δ(d, e) that are sensitive to additional information known about A, such as the dimension of A being at most 3 or the singular locus being small. To exercise this kind of control one must however work in restricted characteristics, usually zero.
We shall now outline the organization of the paper. We assume for simplicity that A is a reduced and equidimensional algebra over a perfect field and that A has dimension d and multiplicity e ≥ 3. In the next section we give the expected bound for embdim(A) and, in the graded case, for embdeg(A) provided A is CohenMacaulay. They will be e + d − 1 and e − 2 respectively (Theorem 2.1). In Section 3 we deal with graded rings of dimension 3, or more generally with standard graded algebras A over a field of characteristic zero for which depth A A ≥ dim A − 1.
The bound obtained for embdim(A) is e(e − 2) + d (Theorem 3.2 and Remark 3.3). In Section 4, we consider ways to deal with non-homogeneous algebras. It becomes harder to track multiplicities. Nevertheless, we obtain, under similar depth conditions as above, a general bound for embdim(A) (Theorem 4.3).
Heretofore we have used no numerical information on the algebra A besides its dimension and multiplicity. In Section 5 we assume that d ≥ 4 and that the singular locus of A is sufficiently small. Roughly it is shown that if A is standard graded over a field of characteristic zero and A satisfies Serre's condition R d−3 , then embdim(A) ≤ 1/2(e(e − 1))
(Corollary 5.7; see also Theorem 5.6 for a more general estimate).
Section 6 deals with bounds on the embedding degree; they are restricted to standard graded algebras satisfying the condition R 1 at least, but are surprisingly low, as at worst we have found quadratic bounds. The first result (Theorem 6.3) has a conjectural aspect: If A has characteristic zero and satisfies the condition R 2 , then embdeg(A) ≤ e(e − 2) − 1, 
In characteristic zero we are able to improve and extend this estimate using a result of Mumford (Theorem 6.6):
We conclude with a comparative study of the bounds which the general complexity theory of Gröbner bases would provide under similar hypotheses. They will be consistently of a higher order of complexity.
Cohen-Macaulay integral closure
We begin by introducing some notation and terminology and make some general comments. Throughout we use standard terminology: an affine k-algebra A will denote a finitely generated algebra over a field k, and a standard graded k-algebra will be an N-graded affine k-algebra generated by its homogeneous elements of degree 1. For general results in commutative algebra, particularly on Cohen-Macaulay rings, we refer the reader to [6] .
Suppose A is an affine algebra, and
is one of its Noether normalizations. The rank of A over T is the dimension of the K-vector space A ⊗ T K, where K is the field of fractions of T . This dimension may vary with the choice of the Noether normalization. When A is a standard graded algebra and the x i are homogeneous of degree 1, this rank is equal to the multiplicity deg(A) of A as provided by its Hilbert function. It is thus independent of the choice of such Noether normalization. In the non-graded case, by abuse of terminology, we let deg(A) denote the infimum of the ranks of A over its various Noether normalizations, a terminology that is consistent in the case of standard graded algebras over infinite fields (see also [24, p. 251] (a) The first assertion is obvious now and the second one follows because 1 is locally basic for the T -module B, forcing B/T to be projective, hence free of rank e − 1.
(b) We may assume that k is an infinite field. There exists a standard graded subring S = T [t]/(f (t)) of A with f (t) a monic polynomial in t of degree e; see for instance Proposition 5.5. Notice that S is a graded free T -module of rank e generated in degrees at most e − 1. Consider the exact sequence of graded Tmodules,
Since B is free, S is a syzygy-module of C. Thus a syzygy-module of C is generated in degrees at most e − 1. But C has rank zero and hence does not have a nontrivial free summand. It follows that the graded T -module C is generated in degrees at most e − 2. Hence as a graded S-module, B is generated in degrees at most max{0, e − 2}, and our assertions follow. An example of such rings is built as follows. Let k be a field of characteristic zero, let R = k[x, y, z]/(f ), say f = x 3 + y 3 + z 3 , and let A be the Rees algebra of (x, y, z)R. It is easy to see that A is normal, but not Cohen-Macaulay.
Dimension 3

++
The case of dim A ≤ 2 or deg(A) ≤ 2 being considered above, we focus here on conditions that are always satisfied when dim A = 3 and deg(A) ≥ 3. Because of their dependence on Jacobian ideals most of our assertions will only be valid over fields of characteristic zero.
Let A be an affine algebra over a field k, of dimension d with integral closure B = A. We write c(A) for the conductor A : (a) The S-module B/S satisfies
If, moreover, k is algebraically closed and S is a domain, then
Proof. (a) We may assume that S = B. As S satisfies S 2 and the extension S ⊂ B is finite and birational, it follows that the S-module B/S is of codimension one. Thus, since S is Gorenstein,
Since B is torsionfree over the Gorenstein ring S, the S-module Ext f ∈ J since char k = 0, and therefore J/(f ) = J(S). In particular J is an Rideal of height at least 2. As J is generated by forms of degree e − 1, there exist homogeneous polynomials g, h in J of degree e − 1, so that g, h and f, h are regular sequences. Write K for the preimage of S : S B in R, which is an R-ideal of height 2. One has J(S) ⊂ c(S) = S : S S by [20, Theorem 2] (see also [21] or [2, 3.1]). Hence J(S) ⊂ S : S B, which implies J ⊂ K. Consequently, the regular sequences g, h and f, h are contained in the height 2 ideal K. Therefore
Suppose that deg(R/(g, h) : R K) is 0 or 1, respectively. In this case the ideal (g, h) : R K is the unit ideal or is generated by linear forms, hence the double link (f, h) : R K contains a linear or a quadratic form, respectively. On the other hand
Since the nonzero homogeneous elements of hS have degrees at least e − 1, it would follow that e ≤ 2 or e ≤ 3, respectively. Furthermore, if B is S 2 , then hS :
(b) We use the same notation as in the proof of Theorem 2.1(b). In particular we consider the exact sequence of graded T -modules,
Since S and B are graded free T -modules of rank e, it follows that deg T (C) = deg(T /(det(φ))), which equals the degree of the form det(φ). Hence If k is algebraically closed and S is a domain, then only one a i is zero so that the degree of det(φ) is bounded by
as asserted.
Theorem 3.2. Let k be a field of characteristic zero and let A be a reduced and equidimensional standard graded k-algebra of dimension d and multiplicity e. If A ⊂ B is a finite and birational extension of graded rings with depth
Proof. There exists a homogeneous subalgebra S of A so that embdim(S) 
and its proof, T is a homogeneous Noether normalization of A, then ν T (B) ≤ e(e − 1)
2 + e as can be seen by applying the theorem with A = S. This bound is not strictly module theoretic, the algebra structure of B really matters. The assertion fails if B is merely a finite T -module, even a graded reflexive T -module, with depth T B ≥ d − 1. For example, let T be a polynomial ring in d variables over an infinite field and I a homogeneous perfect Tideal of height 2 that is generically a complete intersection, but has a large number of generators (such ideals exist whenever d ≥ 3). There is an exact sequence of the form
with E a graded reflexive T -module. Now indeed depth E = d − 1 and deg(E) = 2, whereas ν T (E) 0.
Non-homogeneous algebras
We now formulate a version of the estimates of the previous section valid for general affine algebras. We will deal with the non-homogeneous version of Lemma 3.1 and Theorem 3.2. Here we write deg( · ) for the multiplicity of finite modules over Noetherian local rings.
] be a polynomial ring over a perfect field k, let f, g be an R-regular sequence, and let p be a prime ideal of R. 
Proof. We may assume that p is a maximal ideal containing f, g, and after passing to the algebraic closure of k we may suppose that p = (x 1 , . . . , x d+1 ).
To prove (a) let z be a new variable, R = R[z], p = p R, and f , g the homogenizations of f and g with respect to z. Notice that f, g are homogeneous of degrees m, n and form a regular sequence in R. Thus deg( R/( f , g)) = mn. On the other hand, p is contained in the homogeneous maximal ideal of R and
, q = p ∩ T , and let h be the resultant of the polynomials f, g with respect to the variable x d+1 . Now h = 0 since f and g form a regular sequence, h ∈ (f, g) ∩ T , and h has degree at most m n + m n in the variables
is a module over (T /(h)) q whose dimension is maximal and whose number of generators is at most n . Thus deg((R/(f, g)) q ) ≤ (m n + m n )n . Finally, the multiplicity of the ring (R/(f, g)) p cannot exceed that of the module (R/(f, g)) q . 
Serre condition R ( ≥ 1)
Let A be a reduced and equidimensional affine algebra over a perfect field k, let J = J(A) be its Jacobian ideal and B = A its integral closure. In this section we consider the case where the singular locus of A is suitably small.
Suppose that height J ≥ 2, a condition equivalent to A p = B p for every prime ideal p of A with dim A p = 1. This means that B is the S 2 -ification of A, and one may describe B as the outcome of a single colon operation in the total ring of quotients of A (see [ The issue is to estimate how many generators this process requires. One of our results, for d = 4, will do precisely this. For higher dimensions we shall require a condition of the order R d−3 . Before we can get to this we need to examine various "approximations" of A by some more tractable subrings much in the manner that the hypersurface subring S was used in Section 3. They will be aimed at converting information about the degrees of the generators of a "thick" portion of the Jacobian ideal J in terms of the multiplicity of A. If (S, n) is a Noetherian local ring, we write embdim(S) = ν S (n) and ecodim(S) = embdim(S) − dim S. A = k[y 1 , . 
Proposition 5.2. Let k be an infinite perfect field, let
S p∩S = A p∩S = A p .
If A is reduced and equidimensional, then the extension S ⊂ A is also birational.
Proof. The assertion about finiteness is obvious. The claim about birationality follows from the above equalities applied to the minimal primes of A.
Set q = p ∩ S. To show the equalities S q = A q = A p , write k(p) for the residue field of p and consider the exact sequence
; to see this recall that every ideal in a d-dimensional ring containing an infinite field k is generated up to radical by d + 1 general k-linear combinations of its generators. It follows that
. Comparing numbers of generators over the ring S q we conclude that ν Sq (A q ) = 1, hence S q = A q . In particular A q is local and we also obtain A q = A p .
Corollary 5.3. Let k be an infinite perfect field and let A be a reduced and equidimensional standard graded k-algebra of dimension d. Write A for the set of all homogeneous subalgebras S
= k[x 1 , . . . , x d+1 ] generated
by linear forms of A so that the extension S ⊂ A is finite and birational, and set
Proof. First notice that every S ∈ A is again reduced and equidimensional. 
Proof. Consider the exact sequence 
Now let q be a prime of S with dim S q ≤ s − 1. (2) . Since A q is a finite S q -module, comparing numbers of generators then yields ν Sq (A q ) = 1, hence S q = A q . 
Changing notation we prove the following: If A is a reduced and equidimensional standard graded k-algebra of dimension d ≥ 3 and multiplicity e satisfying R d−2 , then for every A-submodule C of A/A, 
, then by the induction hypothesis,
To see the last inequality set a = e(e − 1) and α = 2 d−4 , and notice that 
Corollary 5.7. Let k be a field of characteristic zero and let
Bounds on degrees
In this section we give degree bounds for the generators of the integral closure of standard graded integral domains over a field of characteristic zero. Besides being interesting in their own right, such bounds also lead to estimates of the embedding dimension, due to the following observation: The bound of (6.2) has been established in low dimensions (≤ 7), often with additional restrictions. 
Now part (a) follows since in this case
Proof. We first prove the assertion about the generator degrees. We may assume that A is not Cohen-Macaulay since otherwise B = A. Thus ecodim(A) ≥ 2. We may also suppose that A is a domain, as it suffices to prove our claim modulo every minimal prime of B = A. By Corollary 5. Let R be a polynomial ring over k mapping onto A and P a prime ideal of R with A ∼ = R/P. The homogeneous R-ideal P is generated in degrees at most reg(A ) + 1 ≤ e(e − 1) − 2. On the other hand, since A ∼ = A/xB, it follows that P maps onto xB. Therefore the graded A-module B ∼ = xB[e − 1] is generated in degrees at most e(e − 1) − 2 − (e − 1) = e(e − 2) − 1.
The estimate for embdim(B) now follows from Proposition 6.1(b).
Remark 6.4. In Theorem 6.3 one can delete the assumption on k and replace the condition R 2 by R 1 if one assumes that (6.2) holds in dimension d− 1 over arbitrary fields. In this case one can pass to a purely transcendental field extension of k and apply [14, Theorem] instead of [9, 4.10] . On the other hand, if (6.2) is only assumed for isolated singularities of dimension d − 1, then the theorem holds with the additional assumption that A is an isolated singularity. To see this notice that the property of being an isolated singularity passes from A to the ring A in the proof of the theorem. A /(x 1 , . . . , x d−1 ) is concentrated in degree deg f + deg g + deg h − 3 = 3e − 4, we conclude that the graded T -module A is generated in degrees at most 3e − 4. But A maps onto A/gA, which in turn maps onto A/S since g is in the conductor of S. Thus as a T -module, A/S is generated in degrees at most 3e − 4. Now consider the exact sequence of finite graded T -modules,
Here B/S is a maximal Cohen-Macaulay module, hence free. Thus A/S is a first syzygy module of B/A. But A/S is generated in degrees at most 3e − 4, and B/A has no nontrivial free summand as dim B/A ≤ d − 2 < dim T . It follows that the T -module B/A is generated in degrees at most 3e − 4 − 1 = 3e − 5, and then the same holds for the A-module B. 
and A satisfies R 3 , then the graded A-module B is generated in degrees at most e − 3, and We will now discuss degree bounds that could be derived from the complexity theory for Gröbner bases. Let k be a field of characteristic zero, let A be a reduced and equidimensional standard graded k-algebra of multiplicity e ≥ 2, and let A ⊂ B be a finite and birational extension of graded rings. Suppose that A satisfies the condition R 1 and B the condition S 2 . Following the proof of Corollary 5.4 one can construct two forms f, g of degree e − 1 in the conductor of A that generate an ideal of height 2. As the discussion of [27, Theorem 6.4.5] shows, one has B = A : (f, g), where the colon is taken in the total ring of quotients of A. In other words, the elements of B are obtained from the syzygies a · f − b · g = 0 as they give rise to b/f ∈ B. In fact, collecting the coefficient ideal L of g in these syzygies, we obtain
This calculation is realized as follows. Write A = R/I, where R is a polynomial ring in n = embdim(A) variables. For a set f 1 , . . . , f m of homogeneous generators of I, we consider the syzygies S of f 1 , . . . , f m , F, G over R, where F and G are homogeneous lifts of f and g. The desired syzygies over A are the images of S in A.
Let G = {g 1 , . . . , g s } be a Gröbner basis of the ideal J = (f 1 , . . . , f m , F, G), and write δ = max{deg f 1 , . . . , deg f m , e−1}. The set S will arise from division relations among the g i 's and therefore the coefficients of S will be generated in degrees at most ∆ = max{deg g i }. According to [4, Appendix] , and especially [11, Theorem B] , ∆ is bounded by a polynomial in δ of degree a n (with a in the order of √ 3). This is obviously much larger than the bounds of Theorems 6.3, 6.5 and 6.6.
